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INTRODUCTION 

|,URING recent years multiple arches in 

continuous series have assumed consider- 

[: importance in the structural engineering 

il, and several methods of analysis of such 
tictures by moment and thrust distribution 

ie been developed or proposed.2 

‘his paper presents an adaptation of the 

thod of moment distribution to the analysis 

4 two-span arched frames with elastic 
«ter pier and with either fixed or hinged 

Ctings. The method is applicable to any 

)-span continuous arch, but is arranged for 

venience in the analysis of arched frames 

13 to the importance of this type in 

fided highway overcrossings. Detailed 

tuyses of an unsymmetrical structure with 

.ged footings, and of the same structure with 
ind footings, illustrate the procedure and 

tilitate its use in the design office with a 

Acknowledgment is made to Dudley P. Babcock and T. 

Weston Jr., Highway Bridge Engineers, for checking the 

“iputations and for many helpful suggestions and criti- 

(1) Continuous Frames of Reinforced Concrete, by Hardy 

ss and Newlin Morgan; John Wiley & Sons, 1932. (2) 
on by Donald E. Larson of the paper Analysis of 

uinuous Frames by Distributing Fixed-End Moment, by 

dy Cross; p. 127, Transactions of the American Society of 
Engineers, vol. 96, 1932. (3) Analysis of Multiple 

‘hes, by Alexander Hrennikoff; p. 388, Transactions of the 
eriean Society of Civil Engineers, vol. 101, 1936. 

Moment Distribution Analysis of Two-Span 
Arched Frames With Elastic Pier 

THOMAS P. REVELISE, ' Highway Brjdge Engineer, 

During recent years multiple arches in continuous series have assumed 

considerable importance in the structural engineering field, and several methods 

of analysis of such structures by moment and thrust distribution have been 

developed or proposed. This article presents an adaptation of the method of 

moment distribution to the analysis of two-span arched frames with elastic 

center pier and with either fixed or hinged footings. The method is applicable 

to any two-span continuous arch, but is arranged particularly for convenience 

in the analysis of arched frames because of the increasingly frequent use of this 

type of structure for grade separations of divided highways. 

Part I of the article is devoted to the necessary mathematical development 

for a structure with hinged footings, a discussion of procedure, and an actual 

sample analysis of an unsymmetrical two-span frame with hinged footings. 

In part II expressions for a structure with fixed footings are developed, followed 

by a discussion of procedure and a sample analysis of the same structure as that 

used in part I, but with footings fixed. 

The use of forms for tabulating computations makes most of the analysis 

procedure a mechanical operation by which results can be obtained rapidly and 

accurately by designers of limited experience. 

minimum of preliminary study of the text or 

reference to other sources. 

Criterion for Arch Analysis 

It is first desirable to establish a criterion of 

deck curvature in order to differentiate 

arched frames requiring an arch analysis from 

those that may be analyzed as straight frames 

with empirical corrections for the effect of 

arch action. Investigations of this subject 

based on the application of both methods to a 

number of typical structures show that when 

the rise of the deck neutral axis line exceeds 

approximately one twenty-fifth of the design 

span, commonly used empirical formulas are 

not valid. An example of the sensitivity 

of frames to deck arching is the case of a 

single-span frame subjected to balanced earth 

pressure. Under this loading condition a 

straight frame develops negative moment at 

the haunch, while a frame identical in every 

respect except for a deck curvature exceeding 

the span-rise ratio of 1 to 25 develops a 

positive moment at the haunch. 
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If a structure is sufficiently arched to develop 

fairly pronounced arch action, failure to inves- 

tigate it as an arch may result in error as to 

the character of the moments as well as to 

their magnitude. A ratio of design rise to 

design span of 1 to 25 is therefore recom- 

mended as the criterion that should govern 

the decision whether or not analysis as a true 

arch is necessary. 

Hinged or Fixed Footings 

Most bridge frames are founded on material 

of yielding character and are designed on the 

assumption of hinged conditions at the foot- 

ings. The footings may be constructed integ- 

rally with the pier and abutment stems, or 

separated by some device such as lead plates 

to reduce the degree of fixity at the base. 

Occasionally the structure is founded on 

rock. Full fixity at the footings is assumed in 

the design in this case since the bases of the 

pier and abutment stems are usually imbedded 

in the rock and the excavations made for that 

purpose are filled with concrete. It is recog- 

nized that ideal conditions of restraint are 

practically unattainable and that the actual 

condition for most structures is intermediate 

between hinged and fully fixed. The usual 

practice, nevertheless, is to base the design on 

either an ideal hinged condition or an ideal 

fixed condition, giving due consideration to 

the character of the foundation and type of 

footing to be constructed. 

Design constants and forms for tabulating 

computations are developed in this paper for 

both hinged and fixed footings. In general, 

the variation in the two procedures is analagous 

to that which is encountered in the applica- 

tion of ordinary moment distribution to 

straight-framed structures having hinged and 

fixed members. 

Part I of the paper is devoted to the neces- 

sary mathematical development for a hinged 

condition, a discussion of procedure, and an 

actual sample analysis of an unsymmetrical 

two-span frame with hinged footings. In 

Part II expressions for a fixed condition are 

developed, followed by a discussion of proce- 

dure and a sample analysis of the same 

structure used in Part I, but with footings 

fixed. 

Steps in the Analysis 

In deriving the design constants, the frame 

leg and contiguous arched deck are treated as 

a structural unit. A load of unity is placed at 

10 points on each arch, and fixed-end moments 

and thrusts are computed at the juncture of 

the deck members and pier. The fixed-end 

moments and thrusts are then distributed at 

this joint until the desired convergence is 

reached. 
The first step of the analysis, computation 

of fixed-end moments and thrusts for various 

positions of a unit load, constitutes solution of 

a single-span unsymmetrical arch, fixed at the 

connection with the pier and either hinged or 

fixed at the footing. Formulas for this com- 

putation are derived from the basic elastic 

equations of rotation and displaceinent. The 

resultant expressions are adapted to a,form for 

tabulating computations in which computed 

values of moment, M, vertical reaction, V, 

and horizontal thrust, H, are obtained directly 

-at the points of fixity for 10 positions of a 

unit load on each arch. No sketching of 

influence lines is necessary. By using unit 

values in the distribution procedure, only 

two distributions are required for symmetrical 

structures, and four if the structure is unsym- 

metrical. The necessary joint constants are 

evaluated from expressions derived in the 

computation for fixed-end moments and 

thrusts. It is recommended that the compu- 

tations be made on a calculator, and with a 

degree of accuracy not less than that indicated 

in the sample analyses. : 

After the indeterminate moments and re- 

actions are obtained, further design data 

may be derived in the same manner as for 

Part I.—ANALYSIS OF STRUCTURES WITH HINGED 

Required Design Constants | 

Three structural elements are considered 

in the analysis, as illustrated in figure 1: 

Unsymmetrical arch AB, unsymmetrical arch 

BC, and elastie pier BD. The required design 

constants are defined as follows: 

Fixed-end moment.—The moment at B due 

to a load P or P’, if B were completely fixed. 

Fixed-end thrust—The thrust at A or C 

due to a load P or P’, if B were completely 

fixed. 

Moment stiffness of arch rib.—The moment 

at B necessary to produce a rotation of unity, 

Figure 1.—Design sketch of frame. 
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without horizontal or vertical displacement 

at B. 

Induced thrust of arch rib.—The thrust at A 

or Cinduced by a moment of unity at B, with- 

out horizontal or vertical displacement at B. 

Thrust stiffness of arch rib.—The thrust at 

B necessary to produce a horizontal displace- 

ment of unity at B without vertical displace- 

ment or rotation at B. 
Induced moment of arch rib.—The moment 

at B induced by a horizontal thrust of unity 

at A or C, without vertical displacement or 

rotation at B. 

Development of Fixed-End Moment 
and Thrust 

In figure 2 the arch rib from the hinge at 

the footing A to the juncture with the elastic 

pier and adjacent arch rib at B is treated as a 

single structural member, fixed at B. The 

term “arch rib” is used in referring to these 

members because of the common practice of 

basing barrel-arch analyses on an element 1 

statically determinate structures. This 

tion of the work is subject to consider 

variation and is omitted in the sample anal 

Tabulating Forms Used 

The use of forms for tabulating com 

tions renders most of the procedure mecha 

in nature. Experience with similar fo 

arch and arched-frame analysis shows 

results can be obtained rapidly and accur. 

by designers of limited experience. 

method is thus applicable directly, wit 

reference to the mathematical derivations, 

The analysis of two-span arches and are 

frames with elastic pier is especially }| 

adapted to the type of procedure illustre 

in the sample analyses. 

convergence of values is rapid. 

the comparatively limited variation in 

in which the conversion of the distribu 

cycles is retarded to an objectionable deg 

Occasionally special architectural treatn|? 

of the structure, such as the addition of st 

facing, results in a pier of sufficient) mas 

virtually break flexural continuity at 

joint. In such eases it is logical to ass 

fixity at the joint, and design each arch 

dependently. 

Somewhat greater refinement in the ¢ 

puted values could be obtained by placing 

unit loads between, instead of at the el: 

It is believed, howe centers of gravity. 

that the accuracy of the method used is 

inconsistent with the limitations imposec¢ 

uncertainties in basic assumptions ance 

construction. 

Following part II of the paper there apy 

a series of influence lines (figs. 13 and 14, p. 

showing the comparative effect of hinged 

fixed footings at some of the critical poin 

FOOTINGS 

foot wide. This practice is followed in 

sample analysis. A concentrated load 

placed on the arch rib, inducing a fixec} 

moment at B and equal fixed-end thrus 

Band A. Both the point at which the) 

P is applied, and the horizontal distance 

the neutral axis of the frame leg to that p 

are represented as a. In usage, it wi 

obvious whether a represents the point of 

distance. 

The various opij 
tions are, in general, analogous to the pri 

dure of ordinary moment distribution, and fl! 

In view 

yi ae u 

Figure 2.—Sketch for use in deriving j# 
end moment and thrust. 
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he moment from A to a= Vx— Hy. 
The moment from a to B= 

Va— Hy—P(x—a). 

etting P equal unity, the moment from 

o B=Vx—Hy—(x—a). 

rom the condition that point A is not dis- 

ced horizontally and from the condition 

t point A is not displaced vertically the 

owing two elastic equations may be 

itten: 

Bn 
es “ee (vertical displacement) =0--_(1) 
A 

B 

>) Maes (horizontal displacement) =0_ (2) 
A 

he modulus of elasticity, H, is constant 

the entire structure and may be eliminated 

m the basic equations in evaluating external 

ctions due to flexure. In addition, it will 

uplify the expressions somewhat to use a 

gle symbol for values of ds/I. Accord- 

ly, ds/I is represented by the symbol A. 

aking these modifications, equations (1) 

1 (2) may be restated as follows: 

B 

SOLS. = ae Se (3) 
A 

B 

3 a ae (4) 
A 

Inserting the general expression for moment 

#0 equations (3) and (4), the following are 

jtained: 

B ishe = B 

V >) @A—H >) ryA— >} (x—a)xA=0 
A A a 

(5) 

} B B B 

|V >) cyA—H >) yA— >) (c—a)yA=0 
A A a 

(6) 

Solving equations (5) and (6) for H and V: 

eB B B B 
>S @—a)rA >) ryA— >) (w@—a)yA> 5 2A 

a A a A 

B B B 2 

Bia Dy ra—( Sv) 
A A A 

(7) 

a B B B B 
>} (x—a)rzA >) yA— SS) @—a)yA> jxyA 
a A a A 

B B B 2 
DyrA>s va-(35 rus) 

_ A A A 

(8) 

When z is less than a, the value of the term 
—a) is zero in equations (5), (6), (7), and 

i 
The work entailed in evaluating H and V 

substantially reduced by a modification of 

uations (7) and (8). The assumption is 

ade that the zA and yA values represent 

tual loads, concentrated at the midpoints 

equal dx divisions. Making this assump- 

mm, the expressions 

B B 

>) (e@—a)rA and >} (e—a)yA 
a a 
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in equations (7) and (8) then represent the 

cantilever moments about point a of the xA 

loads and yA loads between a and B. These 

cantilever moments about point a@ may in 

turn be expressed as the areas of the zA and 

yA shear diagrams between a and B. The 

ordinate of the 7A shear diagram at any load 

point between a and B is: 

B 

aan 
a+l 

In this expression a is any load point between 

the load and B, The summation is taken from 

a+1 (a plus one load point) because the 2A 

concentration at point a theoretically passes 

through the assumed point of support and 

thus causes no shear. 

Having developed an expression for the 

ordinate of the zA shear diagram at any load 

point between a and B, it is apparent that 

the area of the shear diagram may be ex- 

pressed as the sum of the ordinates at the 

centers of the equal dx divisions multiplied 

by the length of those divisions. Hence the 

zA cantilever moment and the yA cantilever 

moment expressions, in both of which a, in 

the first summation symbol, is the point of 

load, are: 

B B 

xA cantilever moment “(2 ee a) dx 
a+l 

B 

+ 

ie is) dx 
a+1 Me yA cantilever moment =( 

The above expressions are equated respec- 

tively to the terms 

B B 

>) (@—a)rA and >) (x—a)yA 

and are substituted in equations (7) and (8), 

which now become: 

Ties a a+l A @a-t-1 A 

-, B B B 2 

Sta Dva-(S4) 
A A A 

(9) 

ep We} B Bees. B 

(S33 3035 yr DS vei a 
V a a+l A @ a+l A 

oS B B B 2 

Sea Dys-(S) 
A A A 

(10) 

For temperature change: 

B 

ttn (Sha 

Hp = Hau 

Siva Si vs-( na) 
A A LA 

B 

cette) (Sus 

Vr=+ £ ; (12) 
B B ~B 

Dw 24 va-(S xy 
A A A 

in which 

EH=modulus of elasticity. 

T=number of degrees change in temper- 

ature. 

l=design span length. 

e=coefficient of expansion. 

It is customary to use the plus sign to desig- 

nate values of Hr and V7 caused by a rise in 

temperature. 

Equations (9), (10), (11), and (12) may 

now be used for evaluation of fixed-end mo- 

ments and fixed-end thrusts due to concen- 

trated loads and temperature change, as shown 

in the sample analysis. 

Development of Arch Rib Design 
Constants 

In figure 3 the hinge at A is assumed to be 

cut free, and joint B-given a rotation a. 

Joint B is is then locked in this position and 

A is returned to its original position by first 

ie pte gee mitlbe 
/ 

Figure 3.—Sketch for use in deriving 
moment stiffness of arch rib. 

a horizontal displacement, ha, without ver- 

tical displacement, and then by a vertical 

displacement, la, without horizontal displace- 

ment. The moment induced at B is that 

which would have been induced by holding 

A in its original position against displacement 

and rotating B through the angle a The 

moment stiffness of the arch rib is expressed 

by the term M/a@ in which M is the moment 

_ at B induced by the rotation a. 

The procedure is performed in two steps, 

as indicated in the previous paragraph. In 

step 1, A is given a horizontal displacement, 

ha, without vertical displacement, and H,, 

Ve and Mz are derived. In step 2, A is 

given a vertical displacement, la, without 

horizontal displacement, and Hz, V2, and 

Moz are derived. The final moment at B is 

thus M,g+ Moz and the final thrust is H,;-+ A». 

These correlated values may be used in ob- 

taining the mathematical expressions for the 

previously defined arch rib design constants 

as follows: 

Moment stiffness of arch rib= 

(M,p+ Moz) 
Induced thrust of arch rib= 

(H; — Hz) (M,p+ Mop) 

Thrust stiffness of arch rib=H,+ha 

Induced moment of arch rib=M,,~ A, 

Step 1.—In deriving expressions for fixed- 

end moment and fixed-end thrust the modulus 

of elasticity, EH, is omitted and the recurrent 
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ee 

Figure 4.—Sketch for use in step 1 deriva- 
tions. 

term ds/I is represented by the symbol A for 

convenience. The absolute expressions for 

moment and thrust stiffness, however, con- 

tain FH as a function. Therefore, the term 

A/E is used in deriving these constants. 

From the condition that A is displaced 

horizontally a distance ha and from the condi- 

tion that A is not displaced vertically, as 

shown in figure 4, the following two elastic 

equations may be written: 

SMa Gs he (13) 
A 

B 

Sh Mas s-0sss eat oeeeke (14) 
A 

No sign is affixed to the displacement term, 

he, since the direction of the displacement and 

of the forces causing it is obvious, as noted in 

figure 4, 

The moment at any point between A and 

B=V,x—My. Inserting the general expres- 

sion for moment into equations (13) and (14) 

the following are obtained: 

B 

V; ph Dy yp she Soee se (15) 

A 

=U ee dG) 
Bo tteh Sees 

Mi 27 RM 2 

Phas equations (15) and (16) for H, and 
V 

hades 

3 He ATP) 

(Ss) ~Swad sya 
A A 

ha Dave 

= E__(18) 

(Sova) —Swadtwia 
A A 

Whence: 

Mip=Vil—Hyh= 

B B 
(re S009 )- h (naz) 

"Ree A E_. (19) 
B 
Sead 

B 2 Em): A 
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Step 2.—From the condition that A is dis- 

placed a distance la and from the condition 

that A is not displaced horizontally, as shown 

in figure 5, the following elastic equations may 

be written: 

B A 
se Mz F=la RS Spee. pen a ee (20) 

A 

B A 
>a My7,=0 5 al Pane (21) 

The moment at any point between A and 

B=Hyy—V2. Inserting the general expres- 

sion for moment into equations (20) and (21) 

the following are obtained: 

nD a0 GV ea oO (22) 

B A B A 

H2.>)y? ree V2 > xy RO 0------ (23) 
A A 

Solving equations (22) and (23) for H, and 

Vo: 

la Da 

>_> Sd. | E._.- (24) 

cee ea Ss 
B 

la Diya 

Var| ape anes eae |e 
(Sova) Shea Ss 

A A A 

Whence: 

Moz3= Hyh— Vil= 

B B 

h («3 cus) (3: va) 

2 “a fc ee oe (26) B ee: B 
(> nus) — Sj 2A>} yA 

A A A 

The basic expressions for the arch rib design 

constants have already been stated. Substi- 

tuting in these the expressions for Hi, V;, and 

Mz, derived as equations (17), (18), and (19) 

in step 1, and the expressions for H2, Vo, and 

Moz, derived as equations (24), (25), and (26) 

in step 2, the arch rib design constants may 

now be expressed as follows: 

Moment stiffness of arch rib= 

(Mip+ M22) +a= 

B B B B 

i( tad zryA—la i, va)+h (ed ryA—ha ey a) 
A A A A 

B 2 B B 

ez sus) —> )#A>) yA | 
A A A 

B B B B 

(> ryA—l>} va)+h (G2 tzyA—h> >) a) 
A A A A 

B 2 B B 

(> cvs) — >) ra> 5 ya 
A A A 

Figure 5.—Sketch for use in step 2 de 
tions. 

Induced thrust of arch rib = 

(Ai — H2)+(Mis+ Moz) = 

B B { 
h>j)@A—1 > jayA * 

A A . 
B B B B 

l(h >} 2yA—l >} yA) +h(l >) cyA—h >) 
A A A A 

: 
| 

Thrust stiffness of arch rib=Hi+ha= 

B ce 
> yea 
A 

B B B 

(SJ aya)?— >) 2a >) yA 
A A A 

Be 

Induced moment of arch rib =Mip~+F 

B B 
L >) tya—h > 2a 

A me TERE. Ch 
>jvA 
A 

Development of Elastic Pier Consti: 

The elastic pier is assumed to be of uni 
cross section, in accordance with common jij); 

struction practice. The moment of inerijhn(); 

this member is constant, therefore, anc i 

expressions for moment stiffness, thrust My) 
ness, induced moment, and induced thrus fi); 

be derived directly without recourse t 

summation process which is required iu 

case of the arch rib constants. Referri 

figure 6: = 
Moment stiffness of pier = [ 

M _ jy. !¢_(H) (BED _3EI }| 7 
a ae HE Bons x : 

E) ~+a= 
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re 6.—Sketch for use in deriving pier 
constants. 

duced thrust of pier= 

ae (32) 

i1rust stiffness of pier= 

ne H-- pale = ee Lie y F (33) 

iduced moment of pier = 

5 SS (34) 

Derivation of Sign Conventions 

he system adopted for indicating the signs 

ie moments and thrusts is that which seems 

(a) 
Figure 7.—Sketches for use in deriving sign convention. 

to be preferred by most designers. Moments 

tending to cause rotation about the joint in a 

clockwise direction are given a plus sign; 

moments which tend to cause rotation about 

the joint in a counter-clockwise direction are 

given a minus sign. Thrusts to the right are 

given a plus sign, and thrusts to the left are 

given a minus sign. 

In figure 7 (a), joint B is locked and a load, 
P, is imposed on the arch. A moment is 

induced at B, and a thrust at A. The 

moment tends to rotate the joint in a counter- 

clockwise direction and is given a minus sign. 

The thrust is to the right and is given a plus 

sign. 

Figure 7 (b) illustrates the action during the 

first moment distribution cycle. When fixity 

at B is removed, rotation about the joint is 

toward the imposed load; and the unbalanced 

fixed-end moment at Bis stabilized by induced 
balancing moments in all of the members form- 

SAMPLE ANALYSIS—I 

=) 
ato. pirection OF 

ROTATION 

Pee 
BALANCING 
MOMENTS 

ee ee ee ee 

BALANCING MOMENTS 

(b) 

ing the joint. These balancing moments are 

proportional to the moment stiffnesses of the 

members, their sum exactly equals the fixed- 

end moment, and they all oppose the counter- 

clockwise rotation, thereby stabilizing the 

joint. They are accordingly given a plus sign. 

The balancing moments induce thrusts as 

shown in figure 7 (b). Note that the fixed-end 

thrust has not been considered in the discus- 

sion, and that the thrusts shown in figure 

7 (b) are entirely induced by the balancing 

moments. 

These considerations lead to the establish- 

ment of the following rules of signs: 

Arch ribs: Induced thrusts have the same 

sign as balancing moments. Induced mo- 

ments have the same sign as balancing thrusts. 

Pier: Induced thrusts have a sign opposite 

to that of balancing moments. Induced mo- 

ments have a sign opposite to that of balancing 

thrusts. 

Two-span arched frame with elastic pier, unsymmetrical 
both horizontally and vertically, and with hinged footings. 

Application of Method 

valuation of the design constants for arch 

and pier of a two-span arched frame with 

ic pier, unsymmetrical both horizontally 

vertically, and with hinged footings, is 

trated in the sample analysis that follows. 

Component terms in the expressions derived 

in the preceding section are entered in tabula- 

tion forms and are evaluated individually, and 

are then recombined to obtain the required 

final values. For greater clarity and speed, 

many component terms are referred to on the 

tabulation forms by column number. 

Except in unusual cases the entire structure 

will be composed of the same structural ma- 

terial. The modulus of elasticity, H, may 

therefore be omitted in evaluating the stiffness 

constants, since only the relative stiffnesses are 

required, 

(Text continued on page 72.) 

Figure 8.—Working drawing of hinged, unsymmetrical two-span arched frame with elastic pier. 
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Table 1 (a).—Fixed-end moments, fixed-end thrusts, and joint constants, span I 

17 18 19 20 

1] 12 

: i 5 : col. 6 col. 5 

‘ora sack Mi . u a, 3 coe 7 ar 7 as 8 role 9 at 9 

01 2.46 14. 887 4.87 0 2.43 0.327 0 0. 80 0 2.6 0 

02 2. 78 21. 485 4,87 0 7. 30 227 0 1. 66 0 12.1 0 

03 3.17 31. 855 4.87 0 12.17 . 153 0 1.86 0 22.6 0 

04 3. 45 41. 064 4.87 0 17. 04 . 119 0 2.03 0 34. 6 0 

1 3. 33 36. 926 4. 92 2.41 19, 92 . 138 ~32 2.65 .8 52.8 6.4 

2 2. 58 17.174 4.88 7. 23 20. 58 . 284 2.05 5. 84 14.8 120.2 42.2 

3 2. 04 8. 490 4.85 12.05 21.08 . 571 6. 88 12. 04 82.9 253. 8 145.1 

4 1. 70 4.913 4.81 16. 87 21.42 . 979 16. 52 20. 97 278.7 449, 2 353. 8 

5 1. 60 4. 096 4.81 21.69 21. 60 1.174 25. 46 25. 36 552. 2 547.8 550. 1 

6 1. 60 4. 086 4,81 26. 51 21. 64 1.174 31.12 25. 36 825.0 548.8 672.3 

7 1.83 6. 128 4.81 31.33 21. 58 . 785 24. 59 16. 94 770.4 365. 6 530. 7 

8 2.33 12, 649 4.85 36.15 21. 33 - 383 13.85 8.17 S00 174.3 295.3 

9 3. 08 29. 218 4.88 40. 97 20. 92 . 167 6.84 3.49 280. 2 73.0 143.0 

10 4.17 72. 512 4, 92 45. 79 20. 35 . 068 3.11 1.38 142.4 28.1 63. 2 

p= | 3,448 | 2, 686 2, 802 

13 

> col. 8 
a+1 

Ce = Wak) 

130. 42 

128. 37 

121.49 

104. 97 

79. 51 

48. 39 

23. 80 

9. 95 

3.11 

0 0 0 

: 

7 

119.55 | 650.01 520.24 | 
i 

113. 71 519. 59 400. 69 

101. 67 391. 22 286. 98 

80. 70 269. 73 185. 31 

55. 34 164. 76 104. 61 

29. 98 85. 25 49. 27 

13. 04 36. 86 19, 29 

4.87 13. 06 6. 25 * 

1.38 3.11 1.38 

0 0 0 

D col. 12} S col. 10] > col. 11 | > col. 12} (col. 17— | (col. 19— 
1,000 1,000 1,000 1,000 col. 18) | col. 20) 

Xeol. 15 | Xcol.16 | Xcol. 15 | Xcol. 16 Xdx xdz 

h (arch rib) =20.1 ft. 1 (arch rib) =48.2 ft. dr=4.82 ft. 1,000 

(2% 11 Azo i)? er 10 lS col. 12 

Moment stiffness of arch rib= Ba oe i, 1,000 =0.130 

LS col. 12 h& D col. 10 
Induced thrust of arch rib=( 

1,000 1,000 
)= (moment stiffnessX12 C) =0.030 

D col. 10 

, 

Thrust stiffness of arch rib= +12 C=0.00020 

ie J 
Induced moment of arch rib=( l BL a, 2s 18 pee 19,1 

1,000 1,000 1,000 

col. 10 
ETIexz oo ETeX 2? 1,000 1,000 Vidor eee jy ee AL 

x 2C 120 

_ 2D col. 10 D col. 11—( Dool. 12)? 
=1,410 

dae Wyn gallo 

“a 
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Gas 

14 15 16 

B B B , 

D> col. 9} > col. 13 | > col. 14 
a+1 a a 

0 0 0 

0 0 o a 

0 0 i 

* . 
ot ehh ek 

ee Ea A ee RR IE AMER rth, 6 nh to 

2 en 7 

a 

as 



Table 1 (b).—Fixed-end moments, fixed-end thrusts, and joint constants, span 2 

ee ee 5 col. 8 - col. 9 - col. 13 col. 4 
eol. 9 col. 9 a+l a+l a a 

5.9 0 0 0 0 0 

41.6 0 0 0 0 0 

91.8 0 0 0 0 0 
145.5 0 0 0 0 0 

128.3 8.4 86.93 | 159.53 | 405.93 | 645.28 

279.9 52.9 84.85 | 148.51 | 319.00 | 485.75 

517.9 159.1 78.74 | 118.62 | 234.15 | 337.24 

798.0 336. 0 66.11 | 98.62 | 155.41 | 208.62 

943, 0 505.2 47.32 | 63.54 | 89.30 | 110.00 

903. 6 590.3 25.41 | 30.00 | 41.98 | 46.46 

497. 4 385.6 | 11.04 | 11.46 | 16.57 | 16,46 

201. 2 181.4 | 929 3.90 5. 53 5.00 
73.3 76,2 1.31 1.10 1.31 1.10 

28,2 33.4 0 0 0 0 

4, 656 2, 329 

Point 4 col. 4 col. 5 col. 6 col. 5 
cra t (col. 2) 3 ds in y + x exe x 

: col. 3 col. 7 col, 7 col. 8 

O1 2.09 9.129 6. 00 0 3.00 0, 657 0 1.97 0 

02 2. 27 11. 697 6.00 0 9. 00 513 0 4, 62 0 

03 2.45 14. 706 6.00 0 15. 00 408 0 6.12 0 

04 2. 63 18.191 6. 00 0 21.00 330 0 6, 93 0 

ny 2. 50 15. 625 3.33 1.60 24. 54 213 . 34 5. 23 5 

24 1.96 7. 530 3.27 4.80 25.40 04 . 484 2.08 11. 02 10.0 

3’ 1.62 4, 252 3. 25 8. 00 24. 04 764 6.11 19.89 48.9 

4’ 1,42 2. 863 3. 23 11. 20 26. 60 1.128 12. 63 30. 00 141.5 

5’ 1,35 2. 460 3.21 14. 40 26, 88 1.305 18.79 35, 08 270. 6 

6’ 1.37 2. 571 3. 20 17. 60 26, 94 1, 245 21.91 33. 54 385. 6 

‘ld 1.67 4. 657 3. 22 20. 80 26. 83 . 691 14. 37 18. 54 298. 9 

ig 2,25 11. 391 3. 24 24.00 26. 62 . 284 6. 82 7. 56 163. 7 

oy 3. 12 30. 371 3. 26 27. 20 26.18 oLO%: 2,91 2. 80 79, 2 

10’ 4,25 76. 765 3. 29 30. 40 25. 60 . 043 1,31 1. 10 39.8 

Sass 1, 439 

19 20 

> col. 10 | >) col. 11 | >) col. 12 (col. 19— 

1,000 1,000 1,000 a 
<COlLG= I COl 5 iey <eoled6 

0 

1, 689.3 

1,132.8 

975.4 

760. 6 

510.7 

279.0 

124, 2 

‘ 45.1 

ch rib) =25.3 ft. { (arch rib) =32.0 ft. dz=3.20 ft. 

LS col.11  h col. 12 
1,000 a 

ent stiffness of arch rib= 

+ 

iced thrust of arch rib= 
Bai 1,000 

oh 
a 1. 10 

Pe stiffness of arch eee 
’ 

1,000 

> col. 12 h Dd col. 10 

+12 C=0.00009 

1,000 

ETleX 

phy col. 10 5 col. 11—( col. 12) 

hSecol.10 _ lS col. 12 

1,000 1,000 

11.2 

0 

2 
=1,2 

1,000 

12C 

> col. 12, > col. 10 2, col. 10.n 36 5 

1,000 1,000 

1,000 

12 C 

> col. 12 

) +(moment stiffness X12 C) =0.020 

=0.125 

’ 

Table 2.—Pier constants 

1=22.5 ft. t=2.0 ft. 

I=#/12=0.667 

Expression 

Moment stiffness=3/+l= 

Induced thrust=1+/= 

Thrust stiffness=3/+= 

Induced moment=/= 
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Table 3.—Distribution of moment and thrust stiffness 

Moment stiffness 

Member 
Distribu- 

Value tion factor 

Percent 
38 

36 

26 

100 

The structure (fig. 8) used for the sample 

analysis is unsymmetrical both horizontally 

and vertically. ‘It has been chosen to empha- 

size the important advantage possessed by this 

method, in common with ordinary moment 

distribution, of being applicable to unsymmet- 

rical as well as symmetrical structures with 

almost equal facility. In structures of this 

type the three frame footings are frequently at 

different elevations due to differences in the 

elevation of satisfactory foundation material. 

Horizontal dissymmetry has been less common 

in the past, but may be expected to occur 

more frequently in the construction of modern 

highways and interchanges, requiring numer- 

ous structures which must fit the alinements 

and clearances otherwise determined. 

The sequence of the various steps in the 

sample analysis follows that used in the de- 

velopment of the method. The procedure as 

applied to an actual analysis is as follows: 

1. A working drawing of the frames is made, 

and required basic data are scaled and entered 

in the tabulation forms. 

2. The tabulation forms are then completed 

by the calculations indicated in the column 

headings, and the expressions below the tables 

are computed. 

3. Moment and thrust distribution factors 

are computed. 

4. A unit moment and a unit thrust are 

distributed individually at each side of the 

joint (at one side only if the structure is sym- 

metrical). 

5. Final distributed moments and thrusts 

are obtained by simple proportion to the unit 

distributed moments and thrusts. 

1.—Construction and measurement of 

working drawing 

The structural frames are laid out to a con- 

venient scale, as shown in figure 8. Sufficient 

accuracy usually may be obtained with a scale 

of one-fourth or one-half inch equals one foot. 

The neutral axis lines of the arch ribs are 

drawn midway between the face surfaces. 

The neutral axis lines of the frame legs are 

drawn as perpendicular lines bisecting the 

bases of the legs at the footing tops. This 

involves a slight inaccuracy, but eliminates 

unwarranted refinement. The design spans 

between the neutral axis lines of the piers and 

frame legs are each divided into 10 equal 

horizontal parts which are projected vertically 

onto the neutral axis lines of the arch ribs, 
making 10 ds divisions. 

The centers of gravity of the ds divisions are 

for convenience assumed to be at their mid- 

points in horizontal projection. These centers 

of gravity are numbered 1 through 10 for span 

72 

Value 

0. 00020 

Thrust stiffness Member 

| Distribu- 
| tion factor 

Arch rib, span 1 

Arch rib, span 2 

Percent 
43 

- 00009 19 

-00018 38 

0.00047 100 

1 (the left arch) and 1’ through 10’ for span 2 

(the right arch). Four longitudinal divisions 

are made of the frame leg neutral axis lines, 

and the midpoints of these ds divisions are 

located and designated O; through Oy. The 

lengths of the ds divisions are scaled and are 

entered in column 4 of the tabulation forms, 

tables 1 (a) and 1 (b), opposite the proper 
points. In the analysis, a load of unity is 

placed successively at each numbered point 

on the arch ribs. 

Values of ¢, x, and y at each load point are 

obtained by scaling, and are recorded in col- 

umns 2, 5, and 6 on the tabulation forms. 
The required x and y values are, respectively, 

the horizontal distance from the neutral axis 

line of the frame leg and the vertical distances 

from a level line through the hinge, to the 

numbered load points. The ¢ values are the 

thicknesses of the various sections, measurec 

radially through each load point. The re- 

maining data for the analysis are derived in the 

tabulation from these basic measurements. 

2.—Completion of tabulation forms 

Moments of inertia of the sections are com- 

puted in column 3 as @ instead of the true 

value, +12, in order to avoid large figures 

in the subsequent columns. It is necessary, 

however, to reinsert the factor 12 in some of the 

final expressions in order to make them appli- 

cable to a section 1 foot wide instead of 12 

feet wide, and this is done in the stiffness and 

thrust expressions and also in the expressions 

for H; and V;, which appear below the tabu- 

lations in tables 1 (a) and 1 (b). 

Entries for columns 7 to 12, inclusive, are 

computed as indicated by the column heads. 

Note that totals are recorded for columns 10, 

11, and 12. 

The method of computing entries for 

columns 13 to 16, inclusive, involves the 

summation process, and an explanation of this 

procedure may be helpful. Assume that it is 

desired to solve for H and Mz due to a load 

of unity at point 1. Point 1 is therefore 

taken as a. The entry for column 18 is to be 

the summation from a+1 to B of xA, which 

is the sum of the xA values in column 8 from 

point 2 to point 10, inclusive. The entry for 

column 14 is similarly computed except that 

yA values, in column 9, are used for summation. 

The entry in column 15 is to be the sum- 

mation from a to B of column 13, and for 

point 1 this is the sum of the values in column 

13 from point 1 to point 10, inclusive. The 

entry for column 16 is similarly computed 

except that values in column 14 are used for 

summation, 

Induced moment 

19.1 X distributed thrusts 

26.5 X distributed thrusts 

22.5 X distributed thrusts 

Table 4.—Distribution of induced moments and thrusts 

Induced thrust 

0.030 X distributed moments 

0.020 X distributed moments 

0.044 X distributed momen 

If H and Mz were desired only for a 
of unity at point 1, it would simply be ne{) 

sary to complete the operations indicatec | 

columns 17 to 27, inclusive, along the 

opposite point 1. In the sample analysig} 

and Mz are computed for 10 positions of)| 
unit load on each arch, and the tabulatt) 

are completed in full. 

In several of the columns of the tabulajjpi« 

forms, tables 1 (a) and 1 (b), and in the | , 

pressions below them, division by 1,004) 
indicated. This is merely a device to a | p 

large figures, not a function of the bj - 

formulas. 

The constant C, which appears below jpm 

tabulation forms, is a term that is deri}})., 

from the totals of columns 10, 11, and 12. 

is evaluated independently for conveniene 

use in the computation of entries for col 

23 and 24 and for the expressions which ap} 

below the form. 

The computation of the pier constant 

illustrated in table 2 (bottom of page 71). 

3.—Computation of moment and thrust 
tribution factors 

The values derived in the expressions bi@ i: 

the tabulation forms in tables 1 (a) and 1 

and in table 2, are used in obtaining rela 

values of moment and thrust stiffness, 

values of induced moments and thrusts. 

The moment and thrust distribution fac 

are evaluated in exactly the same manne} 

in ordinary moment distribution. Thi) 

illustrated in table 3. The moment stiff! 

values for the structure members, derive} 

tables 1 (a), 1 (b), and 2, are entered in| 

proper column and are totaled. Each y 

is divided by the total, yielding the distij 

tion factor. The thrust stiffness distribu (if 

is handled in the same manner. . 

The method of distributing the ind} 

moments and thrusts is shown in table 4f 

which the figures were derived in tables 18) ~ 
1 (b), and 2. The values are constant | 

which distributed moments and distrib{th, 
thrusts are multiplied, for purposes descr) Ne 

in the next step of the procedure. 4 

plea 

elon 

4.—Distribution of a unit moment ai 
unit thrust 

Completion of the tabulation forms, till 

1 (a) and 1 (b), provides the fixed-end it 

ments and their correlated fixed-end th st 

due to a unit load at 10 positions on each :@ 

The juncture of the arch ribs and pier 

thus far been considered completely fixe:|s 

that transfer of moment or thrust from 

member to the others is not permitted. 

next step consists of distributing each @ 
related fixed-end moment and fixed-end t] 

so that for each position of the unit 

actual moments at the joint and reactio: 

all three footings are obtained. 

- = St 

'" 

aa ae 

Dr 

ee eee 
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0.030 
0.020 
0.044 

ipd-end moment.____ 

ucing moment ___- 

neing moment ___ 

wneing moment---- 

] moments-_______- 

ad-end moment____ 

ancing moment-___- 

fancing moment____ 

al moments_-______- 

Jt, 

ted-end moment-__-_ 

lancing moment____ 

lancing moment____ 

Jancing moment-__- 

xed-end moment-_-- 

Z.. moment-.__ 

« 
. 

-_ moment--__ 

898828—50——2 

Tables 5-8.—Unit moment and thrust distributions 

MOMENT DISTRIBUTION FACTORS 

38% 36% 

26% 

SPAN 1 SPAN 2 

INDUCED THRUSTS 

moment (arch rib, span 1) 
X moment (arch rib, span 2) 
X moment (pier) 

THRUST DISTRIBUTION FACTORS 

43% \9% 

38% 

SPAN 1 SPAN Ue 

INDUCED MOMENTS 

19.1 X thrust (arch rib, span 1) 
26.5 X thrust (arch rib, span 2) 
22.5 & thrust (pier) 

Table 5.—Distribution of unit moment, span 1 

Induced thrust— 

Induced moment 

Induced thrust 

«Induced moment 

0 

—8. 213 | +8. 550 |—5.035 Induced moment 

+1. 785 | -+-1.221 |+1.691 Induced thrust 

—.287 | -+.293 | —.159 «Induced moment 

+.058 | +.040 Induced thrust +.055 

—6.657 |+10. 104 

Rib 

+1.000 

. 260 | —.360 Induced thrust— 

.068 | +.027] +Induced'moment 

.004 | —.006 Induced thrust— 

<Induced_moment 

.332 | +.661 

Rib Pier Rib 
ogo 8 Oe 

—8.550 |+5.035 

—1.221 |—1. 691 

«Induced moment 

Induced thrust 

Induced moment 

Induced thrust 

+6. 657 |—10.104 |+3. 448 
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| +. 006 

—.008 | +.014 

| Rib 

+.389 | +. 449 

Rib 

—. 839 

___Fixed-end thrust 

_--Balancing thrust 

__- Balancing thrust 

So Pay Final thrusts 

___Fixed-end thrust 

__- Balancing thrust 

_-- Balancing thrust 

_._ Balancing thrust 

See Final thrusts 

_.-Fixed-end thrust 

__- Balancing thrust 

__- Balancing thrust 

east: Es Final thrusts 

_--Fixed-end thrust 

.--Balancing thrust 

_--Balancing thrust 

_.-Balancing thrust 

eS oe Final thrusts 

Since 20 positions of the unit load on both 

arches are considered, it would appear that a 

prohibitive number of distributions is re- 

quired. Actually, only two distributions are 

required for symmetrical structures, and four 

if the structure is unsymmetrical. 

Referring to table 5 in the sample analysis, 

it will be noted that a fixed-end moment of 

unity is applied to the joint at the juncture of 

the left arch rib. This moment is distributed 

in a manner similar to that of ordinary moment 

distribution, using the moment distribution 

factors computed in table 3 and shown around 

the joint in the left-hand sketch above table 5 

The values of the distributed moments are 

shown in the left tabulation of table 5. This 

shows, first, the unit moment of —1. 000 

opposite the stub ‘“‘fixed-end moment,”’ and, 

immediately below, the distributing moments 

opposite the stub “balancing moments.” 

Next, the first arrow, “induced thrusts,” 

followed to the tabulation at the right, and 

the thrusts induced by the balancing moments 

are entered. These values are obtained by 

multiplying each balancing moment by the 

corresponding induced thrust constants, pre- 

viously computed in table 4 and repeated for 

convenience under the sketch above table 5. 

Next, these unbalanced thrusts are balanced 

exactly as if they were unbalanced moments, 

but using the thrust distribution factors com- 

puted in table 3 and shown around the joint 

in the right-hand sketch above table 5. Now 

the second arrow, “induced moments,’ is 

followed to the left, and the new moments in- 

duced by the balancing thrusts are entere‘. 

These values are obtained by multiplying each 

balancing thrust by the corresponding induced 

moment constants, previously computed in 

table 4 and repeated for convenience under the 

sketch above table 5. 

This procedure is repeated until the con- 

verging values become so small that further 

refinement is unnecessary. As shown in the 

actual example, convergence occurs rapidly. 

In table 6 a fixed-end thrust of unity is dis- 

tributed in the same manner as described above 

for a unit moment, and final values of mo- 

ments and thrusts are obtained. 

The significance of these procedures may be 

summarized as follows: 

(a) A load is placed on one of the frames but 

the joint at the middle is fixed, so that the 

moment at the joint and the outward “kick,” 

or thrust, are so-called ‘‘fixed-end’’ values. 

(b) Considering the fixed-end moment and 

fixed-end thrust independently of each other, 

the fixity at the joint is first released, and then 

final values of moment and thrust due only to 

the fixed-end moment are computed. Compu- 

tation is similarly made of final values of 

moment and thrust due only to the fixed-end 

thrust. 

(c) Individual values are now added alge- 

braically to obtain final values due to the load 

that caused the fixed-end moment and fixed- 

end thrust. 

The structure analyzed in the example is 

unsymmetrical, and the process is therefore re- 

peated for the right arch in tables 7 and 8 

It is important to note, however, that all the 

distributed values in the distribution for the 

73 



right arch are identical with those for the !eft 

arch, with signs changed. This fact saves con- 

siderable time in the second procedure. 

5.—Evaluation of final distributed moments 

and thrusts 

The manner of obtaining final distributed 

moments and thrusts for span 1 is illustrated 

in tables 9 (a), 9 (b), and 9 (ec) of the sample 

analysis. In table 9 (a) are recorded the 

values of Mz, Mz,, Hi, H2, and H3 due to a 

distributed fixed-end moment of unity; and 

Table 9.—Tabulation of final moments and thrusts, span 1 

similar values due to a distributed fixed-end 

thrust of unity are recorded in table 9 (b). 
These values are, of course, obtained from 

tables 5 and 6. 

In the second column of table 9 (c) the fixed- 

end moments at each load point are recorded 

as obtained in column 27 of table 1 (a). In 

the third column the fixed-end thrusts at each 

load point are recorded as obtained in column 

23 of table 1 (a). 

Each of the values in table 9 (a) is then 

multiplied by the actual fixed-end moment for 

Table 9 (a) Table 9 (b) 

Mg Mg’ 
Fixed-end moment=—1.000 Fixed-end thrust =+1.000 

SPAN 1 |SPAN 2 | 
Msp Ms: Il FT TT3 Ms Msp: Eh, Eh Ay 

ett a a at 

Hy H; Pre pe —0. 671 +0, 339 +0. 008 —0, 014 +0. 006 2 Hz —6. 657 —3. 448 +0, 611 —0 449 —O, 161 

Table 9 (c) 

Unit meds Fixed- M and H due to fixed-end moment M and H due to fixed-end thrust Final values of M and H 

load at end end = “EtG = 
point— | moment | thrust Mp Mia? ize Eb igh Mp Mp: Hy Hp Ha Mp Mp H, Te Il 

1 —0.20 | +0. 094 —0.13 | +0.07 | +0.002 | —0.003 | +0.001 | —0.62 | —0.32 | +0.058 | —0.042 | —0.015 | —0.75 | —0.25 | +0.060 | —0.045 | —0.014 

2 s= J, 1A +. 254 ihe +. 38 +. 010 O17 =) 007, Wet. 05 Steve +. 156 Se —. 041 —2. 40 = 49 +. 166 —. 132 —. 037 

3 —2. 86 +.365 | —1.86 se ANY +. 026 —. 043 = OL7 © i —2/A) —1.25 +. 224 2165 = OOS sash SSeS: +. 250 —.208 —. 

4 —5. 53 +.400 | —3.59 | +1.88 +. 050 —. 083 sree || Gtr lal yy +. 245 Lok —.064 | —6. 24 sau! +. 295 —. 264 —.03 

5 —8. 81 +. 345 —5.73 | +3.00 +. 079 —. 132 +. 053 —2. 28 —1719 +. 211 el 56 —.055 =Sa0b +1.81 +. 290 —. 288 —. 00 

6 —11. 44 +. 236 —7.44 +3. 89 +. 102 = 172 +. 069 = 06 == +. 145 Seay —. 038 —9. 00 +3. 08 +. 247 aoe +.03 

7. | —12.03 26) il i Semi M400 +. 108 —.180 +.072 —.83 —. 43 OT —= 007, =. 020 ali SaO0un ict -se0o +. 185 —. 237 +. 05 

8 | =10.23 +. 051 —6.65 | +3.48 +. 092 —.153 +.061 —.34 = spies +. 031 —.023 —. 008 == (00) et S a0 =F. 123 10 +. 058 

9 —6.77 +. 013 —4.40 +2. 30 +. 061 —.102 +. 041 a9 —. 04 +. 008 —. 006 —. 002 —4.49 | +2.26 +. 069 —.108 +. 038 

10 —2. 41 0 SL 67 +.82 +. 022 —.036 +. 014 0 0 0 0 0 —157 +.82 +. 022 —.036 +. 014 

Table 10.—Tabulation of final moments and thrusts, span 2 

Table 10 (a) Table 10 (b) 

Fixed-end moment =+1.000 

Ms Mp: Il Fa 3 

—0, 329 +0. 661 —0, 008 +0. 014 —0. 006 

Table 10 (ec) 
SS 

each load point and the results recor 

Similarly, each of the values in table 9 (b 
multiplied by the actual fixed-end thrust 

each load point. The sums of the correspon 

ing pairs of values obtained by these two ser 
of multiplications are then recorded, and ; 
the final distributed values of moment a 

thrust for a load of unity at each load poi 

The final distributed moments and thru 
for span 2 are obtained in the same manner, 
illustrated in tables 10 (a), 10 (b), and 10 

of the sample analysis. 

Fixed-end thrust =—1.000 

| 

Ms: A Fiz Hy Mes 

+6. 657 +3, 448 -40. 389 +0. 449 —0. 83! 

Unit Fixed- Wixed: M and H due to fixed-end moment M and H due to fixed-end thrust Final values of M and H 
load at end end = 

point— | moment) thrust | ww, | Mx i, UH, Hy Ms | Ms: Hi Ha Hy Ms | Mp iM, Hy 

10 +1. 60 0 —0.56 | +1.06 | —0.014 | +0.024 | —0.010 | 0 0 0 0 0 —0.56 | +1.06 | —0.014 | +0.024 | —0. 01 
9 +4. 61 —. 004 —1.61 +8. 04 —.041 +. 069 —. 028 +. 026 +. 014 +. 002 +. 002 —. 003 —1.58 +3. 05 —.039 +.071 —.03 

8/ +7. 23 = O14 —2. 53 +4. 77 —.065 +. 108 —.043 +. 093 +. 048 +. 005 +. 006 —.012 —2. 44 +4. 82 —.060 +. 114 —.05 

7 +9. 04 —.037 —3.16 +5. 97 —.081 +. 136 —.054 +. 245 +. 127 +. 014 +-..017 —. 031 —2. 91 +6. 10 aa +. 153 —. 8 

6’ +9. 36 —.078 —3. 28 +6. 18 —. 084 +. 140 —. 056 +. 516 +. 268 +. 030 +. 035 —.066 2016 +6. 45 —. 054 +.175 —.12 

5 +7. 94 —.124 = 2010 +5. 24 —atliy@! +. 119 —. 048 +.820 +. 426 +. 048 +. 056 —.104 —1.96 | +5. 67 —.023 +.175 —.16 

4 +5. 65 —.155 —1, 98 +3. 73 —.051 +. 085 —.034 |-+1.025 +. 533 +. 060 +. 070 —. 130 —0. 95 +4. 26 +. 009 +. 155 —. 19 

3’ +3. 35 =. 150) | 1.17 °) --2521 —.030 +. 050 —.020 | +.992 | +.515 +. 058 +. 068 —.126 | —0.18 | +2.73 +.028 +.118 +. “4 

pd |} +1. 56 —. 110 —. 55 +1.03 —.014 +. 023 —.009 | +. 728 +. 378 +. 043 +. 050 —. 092 +0. 18 +1.41 +. 029 +.073 —.ig 

ld +. 39 —.042 —14 +. 26 —. 004 +. 006 —. 002 | +. 278 +. 144 +. 016 +. 019 —.035 +0. 14 +. 40 +. 012 +. 025 —.03 
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Required Design Constants 

[he joint constants for the condition of 
xd footings include ail of the design con- 
nts used in the analysis for hinged footings 
h identical definitions (see page 66). To 

3 group are added the following: 

nduced moment at footing—The moment 

uced at the footing by a horizontal thrust 

B without vertical displacement or rotation 

B. 
Voment carry-over.—The ratio of moment 

uced at the footing to an applied moment 

B without horizontal or vertical displace- 

nt at B. 

welopment of Fixed-End Moment 
| and Fixed-End Thrust 

from the conditions that point A is not 

placed horizontally, that point A is not 

placed vertically, and that no rotation of 

am Ma, FIXED 

| 

1 

} 

| 

Ry 
} 

kzure 9.—Sketch for use in deriving fixed- 
end moments and thrusts. 

U 
t» end tangents occurs, as shown in figure 9, 

t> following elastic equations may be written: 
} 

| 
uM a (change in angle between end tan- 

ENS) — pweneween one Son ts Ee (35) 
| 

| 
my: ds x A 7 
4d Mz 7 (vertical displacement of eas 

t 
My (horizontal displacement of A)=0 ad (37) 

The moment at any point between A and 

d= M, Va— Hy. 

The moment at any point between a and B, 
men P is unity, = M,+ Va—Hy—(xr—a). 

For convenience, the following symbols are 
sopted: 

G B B 
ie olenksgs: > 2A=D 

A A 

. B B 
s4=A De ye C > vA=E 

| A A 

B B 
DSryA=F >) (rx—a)zA=K, 
A a 

D> @-a)A=K, >) (¢—a)yA=Ks 
a a 
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ws 7 

‘= = 

E, being constant for the entire structure, 

may be eliminated from the basic equations 

in evaluating external moments and reactions 

due to flexure. 

Inserting the general expression for moment 

in equations (35), (36), and (37), and using 

the abbreviated notation, the following 

equations are obtained: 

M,A+V B—HC—K,;=0__..—.- (38) 

M,B+V D—HF— K,=0_--_._-.(89) 

M,C+V F—-HE— K3=0.._-~-__(40) 

H= (5-2) (A -2) +B 8) +05 BP) 

Part II—ANALYSIS OF STRUCTURES WITH FIXED FOOTINGS 

Solving equations (38) and (39): 

v(4-D)-# BP) K,24K,=0 A A 
(41) 

Solving equations (39) and (40): 

DC Hes af Ont eve v (Mr) -n(SE—8) mG tino 
(42) 

Solving equations (41) and (42) for H, and 

clearing: 

For further simplification the following 

symbols are used: 

a=> C= FF 

O.=4 G=2 

C.=4- C=“) -B 

c= 0p ereieneemeneh 

C=" -E 

Substituting these symbols in equation (43): 

K,C,C;— Kz Ce+ K3C; 
H ee a ae 

H 

Substituting the symbols in equation (41): 

_HG+KiG,—K2 
v C; Pe ecaeaesD) 

From equations (38) and (39): 

(1C,—K Mee EG 2 (46) 

OPI OAEE coctigh xg 

The expressions for M,, H, and V are 

evaluated by means of the tabular computa- 

tion form, illustrated in the sample analysis. 

As in the tabular form for hinged footings, the 

expressions 

B B B 

>) @—a)a, >> (e—a)xrd, and >) @—a)yA 

a A a 

are equated to the expressions 

B B BaD Boa ES 
Dey ade, >) > tAdz, and yp ode 

a atl a atl a a+l 

The general procedure in adapting the various 

expressions to a tabular computation form is 

also similar to that employed in the analysis 

for hinged footings, and reference thereto will 

be helpful in studying the form as arranged 

for fixed footings. 

=o) (05-0) (EF Fo8 = aeons (43) 

Development of Arch Rib Design 
Constants 

The arch rib design constants are derived 

in two steps. First the rib is given a unit 

rotation at B, and H,, V;, M,4, and Mj, are 

computed. No horizontal or vertical dis- 

placement is permitted in this step. Then 

the rib is given a unit horizontal displacement 

without vertical displacement, and Hh», V2, 

M24, and Mo, are computed. These values 

of M, V, and H are then combined as required 

to obtain all the necessary joint constants, as 

well as expressions for Hy and V7 caused by 

temperature change. 

In deriving the expressions, the system of 

notation used in obtaining expressions for 

fixed-end moments and thrusts is adopted. 

Values obtained in the computation for fixed- 

end moments and thrusts are used in evaluat- 

ing the expressions for the joint constants. 

No additional basie computation is required. 

Figure 10.—Sketch for use in step 1 deriva- 
tions. 

Step 1.—The arch rib is given a unit rotation 

at B and no horizontal or vertical displace- 

ment at A is permitted, as shown in figure 10. 

Then: 

MyA+V,B—H,C=1_.-__----- (47) 

M,,B+V,D—H,F=l_.------- (48) 

MyC+ViF—HiE=h__-_..----( 49) 
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Solving equations (47) and (48): 

ay eg CB [Fay 

vi(F—p)—m(-F )=g-l-0) 

Solving equations (48) and (49): 

v, (Por) mF C E)=1G—h.-(61) 

The coefficients 10, 100, and 10,000 are 

introduced in the following equations to make 

the expressions for H; Vi, and M,,4 applicable 

to the computation form used in the sample 

analysis, in which actual values of x and y are 

divided by 10, reducing the numerical order 

of the derived quantities. 

Solving equations (50) and (41), and 

clearing: 

(IC, —h)100C;— (10C,—1) 100C, 

ibe —10,000C x ae He 

From equation (50): 

th TOO My lees 69) 

From equations (47) and (48): 

#~ H,(100 C,) +10 C;—1 
Mia= te (54) 

From statics: 

Mis=Mi4+ Vil—AMyh_------ (55) 

Step 2.—The arch rib is given a unit hori- 

zontal displacement, without vertical displace- 

ment, equal to the arch height, h, as shown 

Figure 11.—Sketch for use in step 2 deriva- 
tions. 

Solving equations (66) and (57): 

,(DC il ea F 8 ee t (e-P)-a(y H)=—h__-(69) 

Solving equations (47) and (48): 

v (4-p)- —H (SF-F)= 0... (60) 

Solving equations (59) and (60), and clearing: 

__ —h(100C:) 
Pea. WO0Ce eee (61) 

From equation (60): 

H.C. 
V2= C; ------------ (62) 

Equations (61) and (62) may be used in eval- 

uating H; and V 7 due to temperature change 

by substituting + (HTle) + 12 forh. The 

factor 12 is inserted to correct for the use of 

#3 instead of 13/12 (where t= radial depths of 

sections at load points) for values of J in the 

computation form. 

Using the values of Hy, Vi, Mis, Moa, H: 

M24, and Moz, and inserting the facto 

where required to correct for the use @}j | 

instead of 8/12 in the computation form, }~ 

joint constants for the arch ribs may} 

expressed as follows: 

Moment stiffness = M,,+12 L 

Induced thrust = H;+ Mz 

Thrust stiffness= H,+12 h 

Induced moment (at pier top) = M23 

Induced moment (at footing) = — Mo 

Moment carry-over = —My4+ Mp | 

Development of Elastic Pier 
Constants 

The elastic pier constants are derived i 

fig. 12) by giving A a unit rotation witl}) 
vertical displacement, and evaluating (fy | 

the moment stiffness, and P/M, the indy, 

thrust. P is the force developed in rest ) 

UNIFORM THICKNESS ASSUMED 

AD EI Ee 

1 

Figure 12.—Sketch for use in deriving “4 
pier constants. 

ing the ends against displacement. Mor 

carry-over is expressed by the term, Mz/h, 
Point A is then given a vertical disp} 

ment, 6=1, from which the thrust. stiff 

P/é, and induced moment, M,4/P, are evalus 

Performing these operations, the follo 

expressions for the elastic pier constants}! 
in figure 11. Then: Solving equations (67) and (68) for M2,: ébisined: \ 

A H,(100C;) Moment stiffness=4 JI (relative) §, 
MoaC+ VF —HE=h_____-- 56 ae Ne h 

rings ue Moa LOGS Sele ects ih tiie ee Induced thrust = 3+ 21 ‘| 

M.4B+VD—HF=0_-___--- (So) tear ebaticn: Thrust stiffness=12 [--2 (relative) ; 

Induced moment=/+2 ; 

M.,A+VB—HC=0-_-____-_- (58) Mop=Mo4+Viol—Hoh__-_-_- -- (64) Moment carry-over=+0.5 j 

i 

SAMPLE ANALYSIS—II . 
; 

Two-span arched frame with elastic pier, unsymmetrical j 
both horizontally and vertically, and with fixed footings. 

Application of Method 

Evaluation of the design constants for arch 

ribs and pier of a two-span arched frame with 

elastic pier, unsymmetrical both horizontally 

and vertically, and with fixed footings, is 

illustrated in the sample analysis that follows. 

The structure is identical with that analyzed 

in part I (fig. 8), except that the footings are 

fixed instead of hinged. 

The general procedure and sign convention 

are closely similar to those used in the analysis 

of the structure with hinged footings. A 

working drawing of the frames is made to 

convenient scale, from which values of ¢, ds, z, 

76 

and y are scaled. These values are entered in 

tables 11 (a) and 11 (b), the scaled x and y 

dimensions first being divided by 10. 

The tables are then completed by the com- 

putations indicated in the column headings. 

It will be noted that columns 7 to 12, inclusive, 

are each totaled to obtain values of A, B, C, 

D, FE, and F, which in turn are used to obtain 

the C “subscript” series of values. The latter 

are used in computation of entries in some of 

the table columns. 

The C “subscript”? values are also used in 

computing the moments, vertical reactions, 

and thrusts for each span, as shown in table 

11 (ec). These in turn are used to derive arch 

rib joint constants as illustrated in table 11 (d). 

Derivation of the pier constants appea 

table 12. 

Moment and thrust stiffness distrib 

factors are computed in table 13, anc! 

method of distributing induced mor! 

and thrusts and moment carry-overs is s) 

in table 14. Tables 15, 16, 17, and 18! 
trate the distribution of a unit momeni! 
a unit thrust for each of the two spans. } 
evaluation of final distributed moments 

thrusts is shown in tables 19 and 20. 

Additional computations are provide 
tables 21 and 22 for obtaining mor 

induced at the footing by balancing ths 
and moments carried over by balal 

moments. } 

ee Se 
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Table 11 (a).—Fixed-end moments and fixed-end thrusts, span 1 

col. 5 col. 6 
x x 

col. 7 col. 7 

- 528 

1, 202 

2. 538 

4, 492 

5, 478 

5. 499 

3. 656 

1.743 

. 730 

. 281 

26, 859 
=E 

—col. 34 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 0 0 

137.487 | —73.344 | —209.761 | 210.831 3 ; +23. 371 : . 806 30. 845 : +45. 79 

105.845 | —58.628 | —161.560 | 164.473 - 5 +17. 992 A 23, 746 +40. 97 

75.813 | —44,144 | —115.716 | 119.957 OF ; +12. 887 ; 17. 009 +36. 15 

49.014 | —30.435 | —74,722 79. 449 A : +8. 332 . 10, 996 +31. 33 

27.763 | —18.590 | —42.181 46, 353 : : +4. 719 : 6, 229 +26. 51 

13. 164 —9.619 | —19. 857 22. 783 5 : +2. 238 : 2. 953 +21. 69 

5. 219 —4. 160 = a cO 9.379 : ; +. 887 “ Le +16. 87 

1.716 —1. 472 —2.517 3. 188 : ‘ : +. 292 : : 385 : +12. 05 

—.351 —. 560 . 739 : “ F +. 066 4 : . 087 +7..23 

0 0 0 ‘ +2. 41 

1=48.2 ft. h=20.1 ft. dz=4.82 ft. 

Cc CB 
(ore ain Con ——— Fm). 341 1=Z 7 +0.984 oni, 

B D 
Cp aS C7=—=+ 2.637 a 998 a 

2 AD 
Cea Dae Gl Cga——— Bae 4c 185 

A B 

DC 
Oya Fai 508 C2C4=+11.754 

FC 
Cy—— -E= +0716 Cy =C3C5—CeC4=47.786 
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Table 11 (b).—Fixed-end moments and fixed-end thrusts, span 2 

1 2 3 4 5 6 7 8 9 10 LI, 12 13 14 15 16 17 18 4 

B R R B B B 

Bes t (col. 2)8 ae z oe a “ee ox peux es ox cote oll: WPS Leo eet Sv cake zoe 13 = col. 14 > col. 15 | 

siete ak Gh 5.s Veh XO.1de | x0.1dz | XO1dr | 

01 2. 09 9. 129 6. 00 0 0. 300 0. 657 0 0. 197 0 0. 059 0 0 0 0 0 0 0 

02 2, 27 11, 697 6. 00 0 . 900 - 518 0 . 462 0 416 0 0 0 0 0 0 0 

03 2, 45 14. 706 6. 00 0 1, 500 - 408 0 . 612 0 918 0 0 0 0 0 0 0 

04 2. 63 18. 191 6. 00 0 2. 100 330 0 . 693 0 1, 455 0 0 0 0 0 0 0 

Wy 2. 50 “15. 625 3.33 . 160 2. 454 . 213 . 034 . 523 . 005 1, 283 084 6. 001 8. 693 15, 953 7. 734 12. 990 20. 649 

2’ 1. 96 7. 530 3. 27 . 480 2. 540 . 434 . 208 1.102 . 100 2. 799 529 5, 567 8. 485 14, 851 5. 813 10. 208 15. 544 

3/ 1. 62 4, 252 3. 25 . 800 2. 604 . 764 | 611 1. 989 489 5.179 1,591 4, 803 7. 874 12. 862 4, 032 7. 493 10. 792 

4’ 1, 42 2. 863 3. 23 1. 120 2, 660 1, 128 1. 263 3. 000 1.415 7. 980 3. 360 3. 675 6. 611 9. 862 2, 495 4. 973 6. 676 

5! 1,35 2. 460 3. 21 1, 440 2. 688 1,305 1. 879 3. 508 2. 706 9. 430 5. 052 2. 370 4, 732 6. 354 1.319 2. 858 3. 520 

6’ 1.37 2. 571 3. 20 1. 760 2. 694 1. 245 2.191 3. 354 3. 856 9. 036 5, 903 1.125 2. 541 3. 000 . 561 1,343 1. 487 

(if 1. 67 4, 657 3, 22 2. 080 2. 683 . 691 1. 437 1, 854 2. 989 4, 974 3. 856 . 434 1.104 1. 146 . 201 . 530 527 

8’ 2. 25 11.391 3, 24 2. 400 2. 662 . 284 682 . 756 1, 637 2. 012 1.814 . 150 . 422 . 390 . 062 177 . 160 

9’ 3.12 30. 371 3. 26 2. 720 2. 618 . 107 291 . 280 792 733 . 762 - 043 .131 - 110 . 014 . 042 . 035 

10’ 4, 25 76. 766 3. 29 3. 040 2. 560 . 043 131 - 110 398 . 282 334 0 0 0 0 0 0 
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C. 
Cy=—=+4+2.113 
wey 

B 
Co=—=+1.074 

A 

2 

Ci oe Hh OO 
A 

DC 
C4=—— F=+7.11 4 B + 4 

FC 
Ogan—— Ba +2. 645 5 B +2 

CB 
Cag=——— F=—3.471 6 =] 7 

D 
C7=—=+1.649 teeny 

AD 
Cg=—— B=+4. ear +4.663 

CoC4=+7.640 

Cy= C3C5—CgC4=+11. 442 

1 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 

Bo . a = col. 25 7 3 Ma'= 5 
I 5 Ee A < | col oO x yee os sig oe oO = oO col ae col ae col ; ao bees oe . | col. as col a col t= el Ble oo ol: thes x 

Oi 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

02 0 0 0 0 0 0 0 0 0 0 ba, 0 0 0 0 0 

03 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

Oy 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

LY | 59.088 |—45.088 |—103. 451 104. 176 . 725 . 063 —.219 8. 306 —4, 903 .978 |" ,448 12. 753 +. 251 +. 46 +29. 73 +30. 40 

2! 44,411 |—35, 432 —77. 875 79. 843 1. 968 172 —, 597 6, 243 —4, 562 - 911 1, 224 9. 586 +. 602 +1. 29 +24, 80 +27. 20 

3’ 30.804 |—26.008 | —54. 068 56. 812 2.744 . 240 —. 833 4.330 | —3. 996 . 798 1. 707 6. 649 +. 863 +1.85 | +19.46 | +24.00 

4’ 19.062 |—17. 261 —33, 447 36. 323 2. 876 . 251 —. 872 2. 680 —3. 163 . 632 1. 786 4,114 +. 927 -+1.99 | --13.87 | +-20.80 

6! 10, 077 —9, 920 —17..635 19. 997 2. 362 . 206 eas: 1, 417 Sa SAN aY . 431 1. 465 2.175 +. 786 +1. 69 +8.58 | +17. 60 

6’ 4,286 | —4. 662 —7. 450 8. 948 1, 498 131 —. 455 . 603 —1. 195 . 239 . 932 . 925 +. 514 +1.10 +4.33 | +14. 40 

e 1.536 | —1.840 — 2. 640 3. 376 . 736 . O64 —. 222 . 216 —. 536 aalive 455 . 331 ++. 256 +. 55 +1.80. | +11. 20 

8/ .474 | —.614 —, 802 1. 089 . 287 .025 | —.087 .067 | —.197 . 039 .178 102; | +2108 =-,.22 +.62 | +8.00 

9 .107 | —.146 —.175 . 253 .078 .007 | —.024 .015 | —.051 .010 . 050 .023 | +.031 +.07 +.15 | +4.80 

10’ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 +1. 60 

1=32.00 ft. h =25.30 ft dz=3.20 ft. 

35 

Mp3’= 
—col. 32 
—col. 33 
+col. 34 

(= Pa Em eee =) 
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Expression Value, span 1 Value, span 2 

—10,000C 7 

y, 711 100C5) +100 2-1 
1 100C3 7. 

Mus 10Cg 

Mip=My4+V,l—-Hh= 

_ h(100C3) 
2 10,00C, 

100C'4 st E- 
Mop= Mo4tVoql—Hoh= 

BLIC ROADS ® Vol. 26, No. 4 

Hy (100C4) -+10C7—1 

C 
Vo=He a eh 

=--- 0. 0802 

. 0562 

- 606 

- 703 

0. 0531 

. 0793 

- 478 

1. 669 

-lll 

1=22.5 ft. 

le 11 (c).—Calculation of moments, vertical reactions, and thrusts 

Table 11 (d).—Caleulation of arch rib joint constants 

Expression Value, span 1 Value, span 2 

Moment stiffness= 148 +12= 

Induced thrust=/4+M\s= 

Thrust stiffness= H2+12h= 

Induced moment (at pier top) =M22+H2=_- 

Induced moment (at footing) =—Mo4+H»=- 

Moment carry-over=—Mi4+Mis= 

e 12.—Pier constants 

t=2.0 ft. 

I=13/12=0.667 

Expression 

Moment stiffness=47+/= 

Induced thrust=3+2/= 

Thrust stiffness=127+3= 

Induced moment=1+2= 

Moment carry-over= 

Table 13.—Distribution of moment and thrust stiffness 

Member 

Value 

Moment stiffness Thrust stiffness 

Distribu- 
tion 

factor 
tion 

Distribu- 

factor 

Arch rib, span 1 

Arch rib, span 2 

Percent 
35 

35 

30 

0. 00090 45 

. 00037 19 

. 00070 36 

Percent 

. 00197 

Table 14.—Distribution of induced moments, induced thrusts, 

Member 

and moment carry-overs 

Induced moment— 

At pier top 

(multiply value 
by distributed 

thrusts) 

At footing 

(multiply value 
by distributed 

thrusts) 

Arch rib, span 1 

Arch rib, span 2 

+7. 45 

+12. 13 

—11. 25 

Induced thrust 

(multiply value 
by distributed 

moments) 

Moment 
carry-over 

Percent 
—35 

—29 

+50 

0. 142 

- 047 

- 00090 

7.45 

—14. 06 

—.35 

0. 139 

. 032 

. 00037 
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Tables 15 & 16.—Unit moment and thrust distributions, unit loads in span 1 

MOMENT DISTRIBUTION FACTORS THRUST DISTRIBUTION FACTORS 

45% |9% 

36% - 

SPAN 1 SPAN 2 

INDUCED MOMENTS 

7.44 (—14.06 at footing) Xthrust (arch rib, span 1) 

12.13 (—15.25 at footing) Xthrust (arch rib, span 2) 

—11.25 (—11.25 at footing) Xthrust (pier) 

Table 15.—Distribution of unit moment, span 1 

35% 35% 

C.0.= A 
-35% C.0.= 

ey . . 

-29% 
6.0.2 sete ; 

SPAN 1. SPAN 2 

INDUCED THRUSTS 

0.046 moment (arch rib, span 1) 

0.032 moment (arch rib, span 2) 

—0.067Xmoment (pier) 

Fixed-end moment-_-_- é 0 0 

Balancing moment____ +.300 | +.350 

+.034 | —.012 

Balancing moment-_-_- 

Final moments--._---- : +. 334 | +. 338 

Induced thrust — | +.016 | —.020 

<—Induced moment “—,003 

Induced thrust—) ees pease 

«Induced moment | ------ | ------ 

+.013 | —. 023 

Sum of balancing thrusts----- —0.003 | —0. 003 

Sum of balancing moments- -- +.350 | +.300 

—0.001 || +0.042 | +0.034 | +0.015 

+. 350 —.123} +.150} —.102 

Tota moment at footing__|| —.081 +.184 —.087 

Table 16.—Distribution of unit thrust, span 1 

Fixed-end moment-.-_- 

Balancing moment---- 

Balancing moment--_- 

Final moments 

Rib Pier 

Footing moments 

«Induced moment 

Induced thrust— 

«Induced moment 

Induced thrust— 

_--Fixed-end thrust 

.-. Balancing thrust 

ees .--Balancing thrust ¥ 

eee Final thrusts 

_.--Moment induced at footing 

_-.Moment carried over to footing 

..-Fixed-end thrust 

.-- Balancing thrust 

..- Balancing thrust 

Rib Rib Pier 

Sum of balancing thrusts_-_--- —0.455 | —0. 364 

Sum of balancing moments--. +. 571 +-. 489 

—0.193 || +6.397 | +4.095 

+. 571 —.200 | +. 245 

Total moment at footing___|| +6.197 | +4.340 

Footing moments 

Soo ae, Final thrusts 

---Moment induced at footing 

---Moment carried over to foot- 
ing 

October 1950 © PUBLIC RO. 



Tables 17 & 18.—Unit moment and thrust distributions, unit loads in span 2 

MOMENT DISTRIBUTION FACTORS THRUST DISTRIBUTION FACTORS 

35% 35% 45% 19% 

C.0.= 56% 
-35%—> = 2 C.0.= BS 

C.0.= 480%” edie: 

SPAN 1 SPAN 2 SPAN 1 SPAN 2 

INDUCED THRUSTS INDUCED MOMENTS 

+0.046 moment (arch rib, span 1) +7.44 (—14.06 at footing) Xthrust (arch rib, span 1) 

+0.032 moment (arch rib, span 2) +12.13 (—15.25 at footing) Xthrust (arch rib, span 2) 

—0.067X moment (pier) —11.25 (—11.25 at footing) Xthrust (pier) 

Table 17.—Distribution of unit moment, span 2 

Fixed-end moment--_-_- __-Fixed-end thrust 

Balancing moment -_-- Induced thrust 

Induced moment _--Balancing thrust 

Balancing moment.-_-- Induced thrust 

Induced moment _--Balancing thrust 

Minalimomentsc-.s--5 | —.S28"\) =.d08| 4.662) 1 —- 9 | be * 1013}, F023 | —2010 |) 2-22 ss. Final thrusts 

Rib Pier Rib Rib Pier Rib 

Sum of balancing thrusts--_-__ +0.003 | +0.003 | +0.001 || —0.042 | —0.034 | —0.015 | __...Moment induced at footin& 

Sum of balancing moments. 3% —.350 | —.300 | —.350 +. 123 —.150 | +.102 | ..Moment carried over to footing 

Total moment at footing__-| -+.081 —.184 | +.087 

Footing moments 

Table 18.—Distribution of unit thrust, span 2 

Fixed-end moment. -- 

«Induced moment _-Balancing thrust 

Balancing moment---- Induced thrust— 

«Induced moment _-Balancing thrust 

Balancing moment-_-- Induced thrust 

inal moments.___.-- |4+2.814 | —4.584 41.770} = j | -+.429 | +.3896 | —.825] --.-.- Fin] thrusts 

Pier Rib i Rib 

Sum of balancing thrusts - ---- +0.455 | +0. ea +0.193 || —6.397 | —4.095 | —2.943 | ....Moment induced at footing 

Sum of balancing moments - -- —.571 | —.489} —.571 +,.200 | —.245 | +.166] -.Moment carried over to footing 

Total moment at footing..| —6.197 A peih “2.77 

Footing moments 

7 e 

¥ 

BLIC ROADS ® Vol. 26, No 
s 

_-Fixed-end thrust 
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Table 19 (a) 

Table 19.—Tabulation of final moments and thrusts, span I 

Table 19 (b) 

Fi; 

—0. 396 

Final values of M and H 

Fh; 

—0. 055 

—. 162 

—. 263 

—.348 

—.397 

—.399 

—. 350 

Mg Mg’ 
Fixed-end moment = —1.000 Fixed-end thrust=+1.000 

gi " M,| SPAN 1 |SPAN 2 Te 
Me | Mp’ ree Hy Hy A Mg! Mp’ Hi; 

—0. 672 | +0.338 | +0.013 | —0.023 | +0.010 Hy Het eat 1.770 | +0.571 
M3 

Table 19 (c) 

Unit Fired: |  Wixed- M and H due to fixed-end moment Mand H due to fixed-end thrust 

load at end end ——- 

point— | moment | thrust | ys, Ms: i ze Ha Mp Mp r Th igh Ms | Mz: UF 

1 —0.06 | +0.137 | —0.04 | +0.02 | +0.001 | —0.001 | +0.001 | —0.39 | —0.24 | +0.078 | —0.054 | —0.024 | —0.43 | —0.22 | +0.079 

2 —. 63 +. 374 —.42 +, 21 +. 008 —.014 +.006 | —1.05 —. 66 +, 214 —. 148 —.065 | —1.47 —.45 +. 222 

3 —2. 07 +.545 | —1.39 +.70 +. 027 —. 048 +.021 | —1.53 —.96 +.311 —.215 —.095 | —2.92 —. 26 +. 338 

4 —4.69 +.507 | —3.15 | +1.59 +. 061 —.108 += .047 | —1.71 | —1.07 ++. 347 —. 240 —.106 | —4.86 +. 52 +. 408 

5 —8. 06 +.536 | —5.42 | +2.72 +.105 —.185 +.081 | —1.51 —. 95 +. 306 —, 212 —.094 | —6.93 | +1.77 +. 411 

6 —10. 87 +.376 | —7.30 | +3.67 4+, 141 —. 250 +.109 | —1.06 —.67 +, 215 —.149 —.066 | —8.36 | +3.00 +. 356 

7 —11. 66 +.206 | —7.84 | +3. 94 +. 152 —, 268 Se ahiyg —. 58 —.36 +, 118 —. 082 —.036 | —8.42 | +3.58 +. 270 

8 —10. 06 +.086 | —6.76 | +3.40 +. 131 —. 231 E01 —. 24 —.15 +.049 |. —.034 = 015 | —7.00,.|.-63.25 +.180 

9 —6. 70 +.023 | —4.50 | +2.26 +. 087 —.154 +.067 —.06 —.04 +. 013 —.009 —.004 | —4.56 | +2. 22 +.100 

10 —2. 41 0 Sy +.81 +.031 —,.055 +.024 0 0 0 0 0 —1. 62 +.81 +. 031 

Me Mes 

—0. 328 +0. 662 

ri; 

—0, 013 

Table 20 (a) 

Fixed-end moment =+1.000 

Table 20.—Tabulation 

FIz FI3 

+0. 023 —0. 010 

Table 20 (c) 

of final moments and thrusts, span 2 

Table 20 (b) 

Fixed-end thrust=—1.000 

—0. 17% 

3 

—0. 023 

—. 059) 

eS ee ee ee ee eee eel 

+2. 814 +1. 770 -++0. 429 +40. 396 —0. 825 

Unit Fixed- Fixed- 
load at | end end 
point— | moment | thrust! 

10/ +1. 60 0 

9’ +4. 58 —..007 

8’ 7.16 —.025 

T +8. 85 —.064 

6’ +8. 97 —. 131 

5 +7. 33 —. 206 

4 | «+4, 04 —. 261 

3° | 2.69 —. 240 

2 ) +1. 11 —,172 

v } 4.21 | =.168 

Mp 

—0. 52 

—1.52 

—2. 35 

—2. 90 

—2. 94 

—2. 40 

—1.62 

—.88 

—.36 

—%7 

M and H due to fixed-end moment 

1 Negative sign used to conform to sign convention, 

82 

Mp rh Fy 

+1. 06 —0. 021 +0. 037 

+3. 03 —.060 +. 105 

+4. 74 —. 093 +. 165 

+5. 86 pe LUG: +. 204 

+5. 94 eles +. 206 

+4. 85 —. 095 +. 169 

+3. 27 ==2.164 e114 

+1. 78 —. 035 +. 062 

+.73 —.014 +. 026 

++. 14 —. 003 +. 005 

FH 

—0. 016 

—; 046 

M and H due to fixed-end thrust 

Mes 

+. 02 

alls 

+.18 

+.37 

+. 58 

oe! 

+. 68 

+. 48 

+.18 

Mp’ 

—eaOd 

+. 04 

eal 

+. 23 

+. 36 

+. 44 

+. 42 

+. 30 

Sei 

IT; 

0 

+. 003 

+.011 

+. 027 

+. 056 

+. 088 

+. 108 

+. 103 

+.074 

+. 027 

Fy 

0 

+. 003 

+. 010 

+. 025 

+. 052 

+. 082 

+. 099 

+. 095 

+. 068 

+. 025 

FT 

—. 006 

—. 021 

—.053 

—. 108 

mea) 

— 207 

—. 198 

—" 142 

—.052 

Mes 

—0. 52 

—1. 48 

—2. 28 

—2.72 

wa Foiy f 

—1.82 

—. 91 

SON, 

+.12 

ae ec 

Final values of M and H 

Ms 

+1. 06 

+3. 04 

+4. 78 

+5. 97 

+6.17 

+5. 21 

+3. 71 

+2. 20 

+1. 03 

+. 25 

October 1950 © PUBLIC RO 

Mi 

—0. 021 

== OOK 

—. 082 

—. 088 

= 001 

+. 044 

+. 068 

+. 060 

+. 024 

Fz 

+0. 037 

+. 108 

eee 

++. 229 

+. 758 

+. 251 

+. 213 

+. 157 

+. 094 

+. 030 

3 

—0. 016 

—. 052 

—. 093) 

—. 142 

—. 198 

—. 243 



Table 21 (a) 

Fixed-end moment =—1.000 

M, 
SPAN 1 

M2 M3 

—0.081 +0.184 —0.087 

Table 21.—Tabulation of final moments at footings, span 1 

Table 21 (b) 

Fixed-end thrust=+1.000 

SPAN 2 

+6.197 | +4.340 | +2. 

Table 21 (ec) 

eit sack Fixed- red ee tend ape ye os rhe Wt en 

at | moment mote Ms — Senos ares 

point) (Mz) Veca irae ener M My, Ms |Mit+Mal M2 Ms; 

“il —0.06 | +0.137 | —0.77 | —0.005 | +0.01 | —0.005 | +0.85| +0.59| +0.38| +0.07} +0.60 | +0.37 

2 —.63 | +.374 | —2.16| —.05 +.12} —.06 +2,32 | +1.62}) 41.04] +.11}] +1.74 | +.98 

: 3 Say Oat AOL Men e—oned || 7 Seat | fy rages +3.38 | +2.37 | +1.51 —.03 | +2.75 | +1.33 

4 | —4.69 | +.607 | —3.75 | —.38 +.86 | —.41 +3.76 | +2.63 | +1. 69 —.37 | +3.49 | +1. 28 

| 5 | —8.06| +.536 | —3.44} —.65 | +1.48| —.70 | 43.32] +2.33] +1.49 —.77 | +3.81 | +.79 

6 | —10.87|} +.376| —2.52] —.88 | +200] —.95 +2.33 | +1.63 | +1.04] —1.07 | +3.63 | +.09 

7 | —11.66] +.206} —1.45} —.94 | +2.15 | —1.01 +1, 28 +.89 +.57} —1.11 | +3.04 | —.44 

8 | —10.06 | +. 086 —.63 | —.81 | +1.85 | —.88 +.53 +. 37 +. 24 —.91 | +2.22 | —.64 

9 | —6.70} +. 023 —.17| —.54 | +1.23| —.58 +.14 +.10 +. 06 —.57 | +1.33 |~ —.52 

0 0 

New Publications 
| THE IDENTIFICATION OF ROCK 

TYPES 

To meet popular demand a convenient 

} x 9-inch reprint has been made of the article 

The Identification of Rock Types, by D. O. 

Woolf, which appeared in Pusiic Roaps, vol. 
26, No. 2, June 1950. The article presents a 

simple method for use by the highway engineer 

n making field identification of the different 

sypes of rock with which he is concerned. It 

will be extremely useful to engineers, en- 

Printing Office, Washington 25, D. C., at 10 

cents a copy. 

A BIBLIOGRAPHY OF HIGHWAY 

PLANNING REPORTS 

The Bureau of Public Roads recently pub- 

Table 22 (a) - 

Fixed-end moment =+1.000 

M, M2 | M3 

+0. 081 —0. 184 | -++0. 087 

SPAN 1 | SPAN 2 

My; Mp 

Table 22.—Tabulation of final moments at footings, span 2 

Table 22 (b) 

Fixed-end thrust = —1.000 

M, | M2 | M3 

M3 —6. 197 —4, 340 | PSHE 

Table 22 (c) 

| 

M due to fixed-end M due to fixed-end ve brney ; 
Unit | Fixed- | p., moment thrust Final values of M 

: ixed- 
load end yatel M,! inn 8 rat Nee 

By) | momen yt thrash : 
Pepi? M | M | M | M | M | M | Mm | Mm | Met 

10’ +1. 60 0 0 +0,.13 | —0. 29 +0. 14 0 0 0 +0. 13 —0.29 | +0.14 

9’ +4 58 —. 007 +. 07 +. 37 —.84 +. 40 —.04 —.03 —. 02 +. 33 —. 87 +.45 

8/ +7.16 —. 025 +. 22 +.58 | —1.32 +. 62 —.15 —.1l —.07 +43.) —1.43 +.77 

7 +8. 85 —. 064 +.55 +.72 | —1.63 +.77 —. 40 —. 28 —.18 +. 32 —1.91 | +1.14 

6/ +8. 97 —.131 +1.10 +.73 | —1.65 +. 78 81 67 . 36 | —. 08 —2,22 | +1. 52 

DY +7. 33 —. 206 +1. 69 +.59 | —1.35 +.64 |. —1. 28 .89 ai . 69 —2.24 | +1. 76 

4’ +4. 94 —, 261 +1.99 +. 40 —.91 +. 43 —1. 56 —1.09 —.70 —1.16 —2,00 | +1.72 

Be +2. 69 —. 240 +1.85 +, 22 —.49 +. 23 —1.49 —1. 04 —. 67 —1. 27 —1.53 | +1.41 

oF +1.11 —.172 +1. 29 +. 09 —.20 +.10 —1.07 —.75 —.48 —.98 —.95 +. 91 

1 +. 21 —. 063 +. 46 +. 02 —.04 +. 02 —.40 —.27 | —.17 —.38 | —. 31 +. 31 

ment Printing Office, Washington 25, D. C., 

at 30 cents a copy. The bibliography covers 

the period 1930 to date, and includes listings 

of Nation-wide, State, and city highway 

planning reports such as those of State-wide 

highway planning surveys and of traffic, 

origin-destination, design, and highway needs 

studies. The reports range from long-term 

studies of State-wide scope to discussions and 

plans for individual routes, and are the work 

of the Bureau of Public Roads and State, city, 

and consulting engineers. 

The interest in highway planning continues 

to increase. This bibliography makes avail- 

able a listing of reports on the subject, useful 

both to those interested in the general field 

of planning and to those concerned with a 

particular State, city, or route. 
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COMPARATIVE EFFECT OF HINGED AND FIXED 

FOOTINGS AT CRITICAL POINTS 

+0.400 

+0.300 

XY +0.200 | 
wu 

| be | 

w 
‘ 

Ww uw D 
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Figure 13.—Influence line for H,;. 
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Figure 14.—Influence line for M,. 
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A complete list of the publications of the Bureau 

of Public Roads, classified according to subject and 

including the more important articles in PusLic 

Roaps, may be obtained upon request addressed to 

Bureau of Public Roads, Washington 25, D. C. 

The following publications are sold by the Superintendent 

of Documents, Government Printing Office, Washington 25, 

D.C. Orders should be sent direct to the Superintendent of 

Documents. Prepayment is required. 

ANNUAL REPORTS 
(See also adjacent column) 

Reports of the Chief of the Bureau of Publie Roads: 

1937, 10 cents. 1938, 10 cents. 1939, 10 cents. 

Work of the Public Roads Administration: 

1940, 10 cents. 1942, 10 cents. 

1941, 15 cents, 1946, 20 cents. 

1947, 20 cents. 

1948, 20 cents. 

1949, 25 cents. 

HOUSE DOCUMENT NO. 462 ! 
] 

Part 1... Nonuniformity of State Motor-Vehicle Traffic 
Laws. 15 cents. 

Part 2... Skilled Investigation at the Scene of the Acci- 
dent Needed to Develop Causes. 10 cents. 

Part 3. Inadequacy of State Motor-Vehicle Accident 
Reporting. 10 cents. 

Part 4... . Official Inspection of Vehicles. 10 cents. 

Part 5... . Case Histories of Fatal Highway Accidents. 
10 cents. 

Part 6... The Accident-Prone Driver. 10 cents. 

UNIFORM VEHICLE CODE 

Act I.—Uniform Motor-Vehicle Administration, Registration, 
Certificate of Title, and Antitheft Act. 10 cents. 

Act II.—Uniform Motor-Vehicle Operators’ and Chauffeurs’ 
License Act. 10 cents. 

‘Act III.—Uniform Motor-Vehicle Civil Liability Act. 10 cents. 
Act I1V.—Uniform Motor-Vehicle Safety Responsibility Act. 10 

cents. 

Act V.—Uniform Act Regulating Traffic on Highways. 20 cents. 

“Model Traffic Ordinance. 15 cents. 

MISCELLANEOUS PUBLICATIONS 

Bibliography of Highway Planning Reports. 30 cents. 

Construction of Private Driveways (No. 272MP). 10 cents. 

Economie and Statistical Analysis of Highway Construction 
Expenditures. 15 cents. 

Electrical Equipment on Movable Bridges (No. 265T). 40 cents, 

Federal Legislation and Regulations Relating to Highway Con- 

struction. 40 cents. 
Financing of Highways by Counties and Local Rural Govern- 

ments, 1931-41. 45 cents. 

——SSS 

PUBLICATIONS 

Of the Bureau of Public Roads 

Guides to Traffic Safety. 10 cents. 
Highway Accidents. 10 cents. 

Highway Bridge Location (No. 1486D). 

Highway Capacity Manual. 65 cents. 
Highway Needs of the National Defense (House Document No. 

249). 50 cents. 

Highway Practice in the United States of America. 

Highway Statistics, 1945. 35 cents. 

Highway Statistics, 1946. 50 cents. 

Highway Statistics, 1947. 45 cents. 

Highway Statistics, 1948. 65 cents. 
Highway Statistics, Summary to 1945. 

Highways of History. 25 cents. 

Identification of Rock Types. 10 cents. 

Interregional Highways (House Document No. 379). 75 cents. 

Legal Aspects of Controlling Highway Access. 15 cents. 

Manual on Uniform Traffic Control Devices for Streets and High- 
ways. 50 cents. 

Principles of Highway Construction as Applied to Airports, Flight 
Strips, and Other Landing Areas for Aircraft. $1.50. 

Public Control of Highway Access and Roadside Development. 
35 cents. 

Public Land Acquisition for Highway Purposes. 

Roadside Improvement (No. 191MP). 10 cents. 

Specifications for Construction of Roads and Bridges in National 
Forests and National Parks (FP-41). $1.25. 

Taxation of Motor Vehicles in 1932. 35 cents. 

The Local Rural Road Problem. 20 cents. 

Tire Wear and Tire Failures on Various Road Surfaces. 

Transition Curves for Highways. $1.25. 

15 cents. 

50 cents. 

40 cents. 

10 cents. 

10 cents. 

Single copies of the following publications are available to 

highway engineers and administrators for official use, and 

may be obtained by those so qualified upon request addressed 

to the Bureau of Public Roads. They are not sold by the 

Superintendent of Documents. 

ANNUAL REPORTS 
(See also adjacent column) 

Public Roads Administration Annual Reports: 

1943. 1944, 1945, 

MISCELLANEOUS PUBLICATIONS 

Bibliography on Automobile Parking in the United States. 

Bibliography on Highway Lighting. 

Bibliography on Highway Safety. 

Bibliography on Land Acquisition for Public Roads. 

Bibliography on Roadside Control. 

Express Highways in the United States: a Bibliography. 

Indexes to Pusiic Roaps, volumes 17-19, 22, and 23. 

Road Work on Farm Outlets Needs Skill and Right Equipment, 
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